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Abstract-we describe a novel numerical approach to simulations of nonlinear SchrGdinger equa- 
tions with varying coefficients, based on the discovery of a new and intrinsic conservation law for 
varying coefficient nonlinear Schrijdinger equations. The approach is shown to preserve some crucial 
classical conservations, such as the spatial ergodicity, and utilized in numerical simulations of peri- 
odically and quasi-periodically solitary waves for nonlinear Schrodinger equations with periodic or 
quasi-periodic coefficients. Some numerical experiments are presented to illustrate the conservative 
property. @ 2003 Elsevier Science Ltd. All rights reserved. 
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The nonlinear Schrodinger equation model (NLSE) is very important in many branches of physics 
and applied mathematics, involving nonlinear quantum field theory, condensed matter and plasma 
physics, nonlinear optics and quantum electronics, fluid mechanics, theory of turbulence and 
phase transitions, biophysics, and star formation and so on (see [l-6] and references therein). 
Since solitary waves, or solitons, which are the best known solutions of NLSE, were introduced 
and developed in 1971 by Zakharov and Shabad, there have been a lot of significant contributions, 
inclusive of theoretical and numerical aspects, to the development of the NLSE solitons theory 
(see [l-3] and references therein). In [6], the authors predict a new type of nonlinear Schriidinger 
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solitary waves, and show that there exists an effective mathematical algorithm to discover and 
investigate an infinite number of novel solitary wave solutions for the NLSE model with varying 
dispersion, nonlinearity, and gain or absorption. The problem, considered therein, of soliton 
management described by the NLSE model with varying coefficients is a new and important one 
(see [6], and references therein). In fact, varying coefficients in the NLSE model therein represent 
the equivalent time-dependent external potentials for the quasi-particle wave function in the 
corresponding quantum mechanical Schrodinger equation. The finding of some mathematical 
algorithms, involving numerical algorithms, to discover and investigate solitary wave solutions 
in nonlinear dispersive systems with spatial parameter variations is important to the field, and 
might have significant impact on future research. However, until now there has not been numericai 
research on the nonlinear Schrodinger equation with varying coefficients. 
In the present study, we find out that there exists an important and novel conservation law 
called the multisymplecticity, which is essential and intrinsic, for a class of varying coefficient 
nonlinear Schrodinger equations proposed in [6], and references therewith. Based on it, we present 
a new numerical method for the Schrijdinger equation with varying coefficients in a larger domain 
of independent variables. It can be applied, in almost the same way, to many Hamiltonian wave 
systems, such as the varying coefficients KdV equation, the varying coefficients wave equations, 
etc. In particular, our method still preserves some important and known conservation laws 
for the Schrodinger equation. Our numerical experiments, in which we make use of the result 
of [6] to construct exactly periodically and quasi-periodically solitary waves, are on the numerical 
simulations of periodically and quasi-periodically solitary waves for NLSE with periodic and 
quasi-periodic coefficients in terms of our method, and illustrate the conservative property of our 
numerical scheme. 
We start with the description of the new conservation law for the class of nonlinear Schrodinger 
equation (NLSE). Consider an NLSE 
i 3 + a(t) CfY +p(t)l?+!J12$ = iy(t)$, 
at (3x2 (1) 
where 4th Rt), -r(t) are integrable real functions in t. Without loss of generality, in (1) we 
employ t and x as independent variables instead of 2 and T, respectively, in [6]. We only 
investigate the case of y(t) 3 0 in this paper. Otherwise, we can take the transformation II, = 
eli r(s)ds+. Let $(Ic, t) = u(x, t) + iw(x, t). Then equation (1) is read as 
-g + cY(t) g + p(t) (IL” + w”) u = 0, 
g + a(t) g + p(t) (u” + w”) ?J = 0. 
We take z = (u, o, ‘II,, w,)~. Then equation (2) can be written as the following: 
A4 g + K(t) g = V,S(z, t), 
where 
( 0 -1 0 0 M= 10 
0 0 
00 i 
00’ 
K(t) = a(t) 
0 0 00 
S(t, t) = - j p(t) (u” + w”)” - q (u: -I- g> 
(2) 
(3) 
It is easy to validate that 
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for the differential forms w(U,V) = (MU,V), h(U,V) = (K(t)U,V), where U(z,t), V(z,t) are 
the solutions of the variational equation of (3), 
and (., .) is the inner product, D,,S is the second-order derivative of S with respect to z that is 
a symmetric matrix function. Equation (4) is an intrinsic conservation law for (3), also for (1): 
called the multisymplectic conservation law. 
Now we turn our attention to the numerical discretization of (3), which preserves the conserva- 
tion (4) in the discrete sense. Introducing a uniform grid (zj, tk) E R2 with the mesh-length At 
in the t-direction and Ax in the x-direction, the value of z(x, t) at the mesh point (xj, tk) is 
denoted as zj,k. Equations (3)-(5) can be, respectively, schemed numerically as 
M$‘“.Zj,k + Kk@“Zj,k = (V,Sj,k)j,k, (6) 
l3$” Wj,k f djPk&j,k = 0 
Me’” (d.Z)j,k f Kka$k ;dt)j,k = (b!tSj,k) (dZ)j,k, 
(7) 
(8) 
where Sj,k = S(Zj,k,xj,tk), Kk = K(tk), 
wj,k = (MUj,k, vj,k) 7 fij,k = (KkUj,k, y,k) 1 
Uj,k and b,k are solutions of (8), and @” and 13;~ are discretizations of the derivatives & and a,, 
respectively. The numerical scheme (6) is called multisymplectic if (7) is a discrete conservation 
law of (6). This concept for the autonomous case, the constant coefficient case, is proposed and 
investigated in [5,7-151, and references therein. The motivation of the above discretization is that 
the ability to preserve some invariant properties of the original differential equation is a criterion 
to judge the success of a numerical simulation (see [7,12-171, and references therein). 
Now we apply the centered box scheme to system (3). The corresponding formulas to (6)-(8) 
are the following: 
where 
(9) 
(10) 
(11) 
zj+l/2,k = + Zj+l,k), Aj+1/2,k+l/2 = DzzSj+l/2,k+l/2r 
1 
&zj,k = - (zj,k+l - zj,k)t At bszj,k = & (zj+l,k - Zj,k)r 
wj,k = (MUj,k, vj,k) 7 fij,k = (K”Uj,k, Vj,k) 1 
where Uj,kr Vj,k are the solutions of (11). From 
(A. 3+1/2,k+l/2”j+l12,k+lj2, Vj+l/2,k+l/2 >-(A. 3+1/2,k+1/2vj+l/2,k+l,2, Uj+l/2,k+l/2 )=o 
and the skew-symmetry of M and K(t), it follows that the centered box scheme (9) is multisym- 
plectic: in each box the (10) is satisfied. In numerical treatments, it will probably be inconvenient 
to apply directly the scheme (9) because of the determining of the initial and boundary condi- 
tions. Variables u,, W, in (9) can be eliminated by a standard algebraic procedure. We thus 
derive the following numerical scheme: 
i(&$j-1,k + z’&$‘j,k + &$j+l,k) + 2~3 (tk+l/2) (dz’$j,k + hz$j,k+l) 
+2Pj-t1/2,k+l/2 l~j+l/2,k+1/2(2 ‘@j+1/2,k+1/2 
+2oi_, 19 L-Al 19 /tiLI /9 L.&l ,A2 tii_I 19 c-c,,‘7 = 0, 
(12) 
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where difference operators 
bp‘$j,k = & ($‘j+l,k - %‘j,k + $j-1,k) 
The truncation error of scheme (12) is 0(As2 + At2). 
As is well known, equation (1) has an important conservation law (or called spatial ergodicity) 
E(q) = 
s 
I$(%, t)12 dz = constant (13) 
R 
under an appropriate boundary condition, such as limlzl+oo $J(z, t) = 0. On the conservation 
law of classical NLSE, [18], and references therein, investigate numerically in detail. A very 
interesting and important fact we need to point out is that the numerical scheme (12) preserves 
this classical conservation law in the discrete sense. Indeed, one multiplies (12) by '$j,k+l + '$j,k, 
sums over j, and takes the imaginary part, where $ is the complex conjugate of $. One thus gets 
AX 1 l’$j,k+112 -I Ax Rex ($‘j,k+l$j+l,k+l) = constant, 
Ax ~~‘@j+l,k+I12 -I- Ax Re& (@j,k+l$j+l,k+l) = constant, 
j j 
and thus, we have 
AXE l$j+l/2,k/2 = constant, 
(14) 
(15) 
which is consistent with (13), a global discrete conservation law, a discrete ergodicity in spatial 
direction, and the unitarity of scheme (12). However, it will probably be affected by the truncation 
error in numerical computations. Equation (15) also means that the finite difference equation (12) 
is not only consistent with the original differential equation (l), but also itself possesses inherent 
classical discrete conservation law. 
Numerical Experiments 
Now we apply the above method to simulate numerically the periodically and quasi-periodically 
solitary waves for the NLSE (1). Based on the results in [6], we consider the following two cases. 
CASE 1. If o(t) = (l/2) cos(t), p(t) = cos(t)/(sin(t) + 3), and y(t) = 0, then a periodically 
solitary solution of (1) is 
&(x, t) = Plp(X, W2&, W3p(x, t), (16) 
where 
PIP(xj t, = (sin(t) \ 3)1/z ’ 
%bt) =seh(sintG+3) 1 
P3p(x, t) = ew ( 2$~~~~!,) . 
CASE 2. If y(t) = 0 and 
a(t) = ; (cos(t) + Jzcos (a)) , 
PM = 
cos(t) + Jz cos (fit) 
sin(t) + Jz sin (fit) + 5’ 
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Figure 1. The periodically solitary wave and the corresponding discrete conservation 
law of (1) with Ax = 0.1 and At = 0.05. 
then we have a quasi-periodically solitary solution of (1) as follows: 
763 
(17) 
where 
%,(Xl t) = 
1 
(sin(t) + sin (fit) + 5)1’2 ’ 
l&,(x, t) = sech 
2 
sin(t) + sin (fit) + 5 
p3&X, t) = exp 
i (X2 - 1) 
2 (sin(t) + sin (fit) + 5) ’ 
In both the above two cases, E(I+!J) = 2. 
In our numerical experiments we make use of the symmetry of functions (16) and (17), with 
respect to x, to determine boundary conditions, and present half of the corresponding diagrams 
bymeansoftakingtk=kAt,/c=O,l,..., xj=-40+(j-l)Az,Az=40/m,j=1,2 ,..., m+l. 
The first diagram in Figure 1 shows the numerical result of the periodically solitary wave with 
the period 21r in t direction, and the second is on the discrete conservation law (15), where c 
denotes the constant in the right side of (15), and c E [1.998,1.9981]. The first diagram in 
Figure 2 shows, in numerics, the quasi-periodically solitary wave with the frequencies 1 and & 
in t direction, the second is also the discrete conservation law (15), and the conservation constant 
c E [1.997,1.9971]. As the length in z direction is truncated relatively long, the constant c in 
conservation law (15) does not appear to have any apparent oscillations in vertical direction. 
In conclusion, the scheme (12) is of two-order, stable and unitary, however implicit. A challenge 
is to look for a high-order explicit scheme, which is multisymplectic, for (1). We need to point 
out that it is very easv to extend our method to a multidimensional case of (1) with resoect 
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Figure 2. The quasi-periodically solitary wave and the corresponding discrete con- 
servation law of (1) with Ax = 0.1 and At = 0.05. 
to x, and will be very interesting to apply our approach to the coupled NLSE for the numerical 
simulation. An exciting expectation is to utilize our method in this paper in the investigation 
of dynamics, such as homoclinic manifolds, Stokes waves, and numerical simulations of quantum 
chaos and linear SchrGdinger equation in quantum physics. 
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